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Abstract For any positive integer n, we define the arithmetical function F'(n) as F(1) = 0. 
Ifn > 1 and n = pips? ---pZ* be the prime power factorization of n, then F(n) = aipi + 
a2p2 +--+ axpr. Let S(n) be the Smarandache function. The main purpose of this paper 

is using the elementary method and the prime distribution theory to study the mean value 
properties of (F(n) — S(n))”, and give a sharper asymptotic formula for it. 
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§1. Introduction and result 


Let f(n) be an arithmetical function, we call f(n) as an additive function, if for any positive 
integers m, n with (m, n) = 1, we have f(mn) = f(m) + f(n). We call f(m) as a complete 
additive function, if for any positive integers r and s, f(rs) = f(r) + f(s). In elementary 
number theory, there are many arithmetical functions satisfying the additive properties. For 
example, ifn = pf''p5? ---pz* denotes the prime power factorization of n, then function Q(n) = 
a, +ag+-+-+ a, and logarithmic function f(n) = Inn are two complete additive functions, 
w(n) = k is an additive function, but not a complete additive function. About the properties 
of the additive functions, one can find them in references [1], [2] and [5]. 

In this paper, we define a new additive function F(n) as follows: F'(1) = 0; Ifn > landn = 
pips? ---p,* denotes the prime power factorization of n, then F(n) = api +azp2+++:+aKpr- 
It is clear that this function is a complete additive function. In fact if m = pf'p$?---py* 
and n = pep. pee, then we have mn = p??t?p$2t6 ecg nee Therefore, F(mn) = 
(a1 + B1)pi + (ag + Bo)po +--+ + (an + Be)pr = F(m) + F(n). So F(n) is a complete additive 
function. Now we let S(n) be the Smarandache function. That is, S(m) denotes the smallest 
positive integer m such that n divide m!, or S(n) = min{m: n | m!}. About the properties 
of S(n), many authors had studied it, and obtained a series results, see references [7], [8] and 
[9]. The main purpose of this paper is using the elementary method and the prime distribution 
theory to study the mean value properties of (F(n) — $(n))?, and give a sharper asymptotic 
formula for it. That is, we shall prove the following: 


Theorem. Let N be any fixed positive integer. Then for any real number x > 1, we 
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have the asymptotic formula 


2 


» (F(n) = Soak nitty +O (ts =) , 


n<ux 


2 


where c; (i= 1, 2, --- , N) are computable constants, and c, = 4. 


§2. Proof of the theorem 


In this section, we use the elementary method and the prime distribution theory to complete 
the proof of the theorem. We using the idea in reference [4]. First we define four sets A, B, 
C, D as follows: A = {n, n € N, n has only one prime divisor p such that p | n and p? { n, 
p> n3 }; B = {n, n € N, n has only one prime divisor p such that p? | n and p > n3}; 
C = {n, n € N, n has two deferent prime divisors p; and po such that pipe | n, po > pi > n3}; 
D = {n, n € N, any prime divisor p of n satisfying p < n3}, where N denotes the set of all 
positive integers. It is clear that from the definitions of A, B, C and D we have 


Yo (F(n) — Sn)? = YE (F(a) - 8m)? + SF (Fn) — S(n))? 


na na n<a 
neEA neB 
+50 (F(n) - 8(n))? + SO (Fm) — S(n))? 
n<u n<ux 
nec neD 
= W,+Wo.4+ W3+ W4. (1) 


Now we estimate W,, W2, W3 and W, in (1) respectively. Note that F(n) is a complete 
additive function, and ifn € A with n = pk, then S(n) = S(p) = p, and any prime divisor q of 
k satisfying q < n3, 80 F(k)< n3 nn. From the Prime Theorem (See Chapter 3, Theorem 2 
of [3]) we know that 


*)= du vag 10 (er -) 2) 


i=l 


where c; (i = 1, 2,---, k) are computable constants, and c; = 1. By these we have the 


estimate: 


Wi = SO (F()- S(n))’ = D2 (F(R) - 2)? 


n<ax pk<au 
neA (pk)EA 
= So F )< S- yt (pk) )5 In?( (pk) < (Ina)? ka p3 
pk<a k<VJak<pst kiJVe k<ps§ 
(pk)EA 
3 1 5 
< (Ina)? » ks (=) ° ne < x3 In? x. (3) 
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If n € B, then n = pk, and note that S(n) = S(p?) = 2p, we have the estimate 


We = So (F(n)- Sn) = D> (FW) - 20)’ 


n<x prk<ax 

neEB p>k 
-y Yrw<y ve 

kas k<ps.\/% k<ad k<ps./F 

Stee (4) 
< a ne : 

; k2 Inx Ing 
k<av3 


If n € D, then F(n) < n3 Inn and S(n) < n3 Inn, so we have 


We = DO (F(n) - S(n))? « So n3 hn K 23 ne. (5) 
n<ux n<ux 
neD ~ 


Finally, we estimate main term W3. Note that n € C, n = pypok, po > pi > ni >k. If 
k<p< na, then in this case, the estimate is exact same as in the estimate of W,. If 
k < pi <p2 < 73, in this case, the estimate is exact same as in the estimate of Wy. So by (2) 


we have 
Ws = 2 (F(n) — S(n))’ = Pe (F(pip2k) — pz)? +O Ge In? x) 
nso pipek<a 
nec p2>pi>k 


=>) dv» bb (F?(k) + 2p: F(k) + pi) + O (a3 in? 2) 


1 Zz 
k<a b<piS/% P25 ak 


= S- S- S- pe +O S- S- S- kpy +O («3 In?2) 


k<a3 k<pidv/¥ Pi <P2 Sak k<a3 k<pidy/¥ Pi <P2 Sak 
x x x 
5) 2 
= 5 5 Pi 5 Ci +O +Olx3 ln’ 
4 @ N+1 
= pik in —k pikln x 
k<a3 k<pi S/F = PL 


-y YS FY1it+0Oly YD YX KI. (6) 


k<a3 k<pis\/E  P2SP2 k<a3 k<piSa/¥ P1SP2S pik 
Note that ¢(2) = - from the Abel’s identity (See Theorem 4.2 of [6]) and (2) we have 


yy ayy Y Ay sBro(Ge.)| 


In’ py; 
k<a3 k<piS\/~  PSP2 k<a3 k<pis\/Z bit 


~ Ci" Pi Pi 
= De, De Ga Ole, 2 Gee 


In‘ py 


= : P1 
1 pees k<piS/z k<w3 k<pis,/z 
N 
0. (7) 
= ; 
Inte InN t+? ¢ 


i=l 
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where d; («= 1, 2, --- , N) are computable constants, and d, = ua 
3 5 
L2 v3 
k k : 8 
» > 2 eee ae ae 
k<a3 k<pida/Z P1SP2S ark k<aS  PiS/¥E k<a3 
Pix x? 9 
a » kiln hinw oe < Zs k? In NEE < Int? 2 ( ) 
k<a3 k<pis./% k<a3 
From the Abel’s identity and (2) we also have the estimate 
2 x _ 1 xp 
2 », ie se ea » k » In 
1 —~ Piva 1 ny 
k<a3 k<piSV/F PIS psa k<piS/E Pt 
N 2 2 
x x 
= Doce +0(Se) (10) 
71 N+1,,}? 
ta In a In x 
where b; («= 1, 2, --- , N) are computable constants, and b; = a, 


Now combining (1), (3), (4), (5), (6), (7), (8)and(9) we may immediately deduce the 
asymptotic formula: 


>» (F(n) = Sra; Feels O (ws za) D 


n<u 


where a; (i= 1, 2, ---, N) are computable constants, and a; = bi — di = 7. 


This completes the proof of Theorem. 
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